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Motivated by the rapid experimental progress of quantum spin ice materials, we study the dy-
namical properties of pyrochlore spin ice in the U(1) spin liquid phases. In particular, we focus on
the spinon excitations that appear at high energies and show up as an excitation continuum in the
dynamic spin structure factor. The keen connection between the crystal symmetry fractionalization
of the spinons and the spectral periodicity of the spinon continuum is emphasized and explicitly
demonstrated. When the spinon experiences a background pi flux and the spinon continuum exhibits
an enhanced spectral periodicity with a folded Brillouin zone, this spectral property can then be
used to detect the spin quantum number fractionalization and U(1) spin liquid. Our prediction
can be immediately examined by inelastic neutron scattering experiments among quantum spin ice
materials with Kramers’ doublets. Further application to the non-Kramers’ doublets is discussed.
I. INTRODUCTION
The three-dimensional (3D) U(1) quantum spin liquid
(QSL) is an exotic quantum state of matter and is charac-
terized by fractionalized spinon excitation and emergent
U(1) gauge structure1. Since the spinons are gapped, the
low-energy property of the state is described by a com-
pact U(1) quantum electrodynamics in 3D1. This inter-
esting state was proposed more than one decade ago1–3.
Recently, there has been a very active search of this ex-
otic state among the rare-earth pyrochlore quantum spin
ice (QSI)4 materials5–41. Despite the abundance of the
QSI materials and possible experimental evidences, the
identification of U(1) QSL has not been achieved in any
candidate material.
To confirm the U(1) QSL, one needs to identify
the emergent gauge structure and/or the fractionalized
spinon excitation. From the theoretical perspective,
these two things are related since the fractionalized ex-
citation naturally emerges in the deconfined phase of
the lattice gauge theory. Thus, identifying the emer-
gent gauge structure and finding the fractionalized spinon
excitations are equivalent. For the realistic pyrochlore
QSIs, the gauge photon and the spinon have drastically
different energy scales1,8,9. The gauge photon is the very
low energy excitation that operates on the spin ice man-
ifold28,36, while the spinons are the much higher energy
excitations that violate the spin ice rule1. Practically
speaking, the large energy-scale difference between the
gauge photon and spinons suggests that the spinon exci-
tation might be a better experimental direction to search
for. Therefore, we focus on the experimental signature of
the spinon excitation and explore the spectral structure
of the spinon continuum in the U(1) QSL in this paper.
In particular, we point out that the emergent background
U(1) gauge flux of the ground state enriches the U(1)
QSLs by creating distinct translational symmetry frac-
tionalization for the spinons. In the case that the spinon
experiences a pi background flux, there is an enhanced
spectral periodicity with a folded Brillouin zone in the
spinon continuum that can be revealed by the dynamic
spin structure factor in an inelastic neutron scattering
(INS) measurement. The enhanced spectral periodicity is
certainly not a property of a conventional paramagnet
and thus represents an unique experimental signature of
the U(1) QSL with the pi flux.
The enhanced spectral periodicity of the spinon con-
tinuum in the U(1) QSL with pi flux, that we discover
here, is very analogous to the fractional charge excitation
in the fractional quantum Hall states43,44. Over there,
the global U(1) charge conservation gives the fractional
charge quantum number to the fractionalized excitation.
In our case, it is the translation symmetry that is frac-
tionalized and renders the enhanced spectral periodicity
to the spin continuum. Both of these results are exam-
ples of symmetry enriched topological orders, where the
FIG. 1. (Color online.) The schematic phase diagram of the
XXZ model on the pyrochlore lattice. The AFM0 stands for
the magnetic ordered state that is proximate to the U(1)0
QSL42. The colored region refers to the QSI regime in which
the quantum fluctuation gradually releases the classical spin
ice entropy. The QSLs appear as the ground states at zero
temperature, while the AFM0 extends to finite temperatures.
The solid lines indicate a finite temperature magnetic ordering
transition. The dashed line indicates the crossover tempera-
ture from the high temperature paramagnetic regime to the
spin ice regime. See the main text and Tab. I for details.
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2U(1) QSLs U(1)0 QSL U(1)pi QSL
Exchange Coupling J⊥ > 0 J⊥ < 0
Background U(1) Flux 0 Flux pi Flux
Heat Capacity Cv ∼ T 3 Cv ∼ T 3
Proximate XY Order Keep Translation Enlarged Cell
Spectral Periodicity Not Enhanced Enhanced
TABLE I. Physical properties of the U(1)0 and U(1)pi QSLs.
symmetry not only makes the topological ordered phases
finer45–48 but also makes the topological order more vis-
ible from the experimental point of view.
The following part of the paper is organized as follows.
In Sec. II, we introduce the XXZ model as the parent
model to extract the pi-flux U(1) QSL in the frustrated
and perturbative regime. In Sec. III, we explain the
translational symmetry fractionalization and predict its
consequence on the spectral periodicity of the spinon con-
tinuum. In Sec. IV, we explictly compute the spinon con-
tinuum with the parton-gauge contruction for the XXZ
model. In Sec. V, we discuss the candidate materials and
the related experimental consequences.
II. MODEL HAMILTONIAN AND
PERTURBATIVE ANALYSIS
We start with the spin-1/2 XXZ model on the py-
rochlore lattice. This model is the parent model for
the pyrochlore QSI1. The realistic spin models for py-
rochlore QSI contain more interactions8,9,12,14, but the
simple XXZ model already realizes and captures the
generic property of the pyrochlore ice U(1) QSL in the
perturbative Ising regime. Therefore, we deliver our the-
ory through the XXZ model but emphasize the model-
independent universal and generic properties of the U(1)
QSL. This model is defined as
HXXZ =
∑
〈ij〉
JzzS
z
i S
z
j − J⊥(S+i S−j + S−i S+j ), (1)
where Jzz > 0. The phase diagram of the specific XXZ
model is given in Fig. 1 and explained in the remain-
ing part of the paper. In the regime with |J⊥|  Jzz,
the third-order degenerate perturbation theory yields an
effective Hamiltonian that acts on the extensively degen-
erate spin ice manifold. The effective model is a ring
exchange model with1
Heff = −12J
3
⊥
J2zz
∑
7p
(S+i S
−
j S
+
k S
−
l S
+
mS
−
n + h.c.), (2)
where “i, j, k, l,m, n” are the six vertices on the elemen-
tary hexagon (“7p”) of the pyrochlore lattice. To reveal
the U(1) gauge structure, one introduces the lattice gauge
fields as Err′ ' Szrr′ , eiArr′ ' S±rr′ , where r, r′ label the
centers of the tetrahedra and form a diamond lattice.
The effective spin model becomes
HLGT = −K
∑
7d
cos(curlA) + U
∑
rr′
(Err′ − ηr
2
)2, (3)
where K = 24J3⊥/J
2
zz and “U →∞” recovers the Hilbert
space of the spin-1/2 moment. Here “7d” refers to the
elementary hexagon on the diamond lattice, and ηr = +1
(−1) for r ∈ I (II) sublattice of the diamond lattice.
When J⊥ > 0 and |J⊥| is small so that the XY order
is absent, the ground state favors a zero U(1) gauge flux
and is labeled as U(1)0 QSL. This regime has been exten-
sively studied theoretically and numerically1,8,9,28,49–51.
For J⊥ < 0, the ground state favors a pi background U(1)
gauge flux with9
curlA ≡
∑
rr′∈7d
Arr′	 = pi (4)
for each diamond lattice hexagon (see Fig. 2a) and is thus
labeled as U(1)pi QSL. This regime has a sign problem
for quantum Monte Carlo simulation and is thus less ex-
plored. Only one prior work9 has carefully studied the
stability of the U(1) QSL in this regime and found the
U(1) QSL is more robust in this regime than the J⊥ > 0
regime. Despite the different phase stability, both U(1)0
and U(1)pi QSLs are described by the same low-energy
field theory and characterized by the same long-distance
universal properties. We, however, point out that the
U(1)pi QSL is a distinct symmetry enriched U(1) QSL
from the U(1)0 QSL. We show below that the symmetry
enrichment occurs in the translational symmetry frac-
tionalization of the spinons. We emphasize that the spec-
tral periodicity of the spinon continuum is a keen physical
property encoding the distinct symmetry enrichment and
could thus provide a sharp experimental confirmation of
the U(1) QSL.
III. TRANSLATIONAL SYMMETRY
FRACTIONALIZATION AND THE SPECTRAL
PERIODICITY
The translation symmetry of the pyrochlore lattice is
generated by the three translations T1, T2, and T3. Here,
the Tµ operation translates the system by the fcc bravais
lattice vector aµ, and we have a1 =
1
2 (011),a2 =
1
2 (101),
and a3 =
1
2 (110), where we have used the cubic coor-
dinate system here and throughout the paper (except
specifically mentioned). Any two translation operations,
Tµ and Tν (µ 6= ν), commute with each other with
TµTν = TνTµ.
In the U(1) QSL, the spinons are fractionalized and
deconfined excitations, and the symmetry operations act
locally on the spinons. This symmetry localization con-
dition leads to the symmetry fractionalization for the
spinons. For the translation symmetry under considera-
tion, we have
T sµT
s
ν = ±T sνT sµ, (5)
3FIG. 2. (Color online.) The diamond lattice formed by the
tetrahedral centers of the pyrochlore lattice. The dots are
the diamond lattice sites or the tetrahedral centers of the
pyrochlore lattice. (a) The spinon hopping for a specific gauge
choice for the pi flux. (b) The successive translations of the
spinon along the (red) pathway, that are marked by 1©, 2©,
3© and 4©, experience the U(1) gauge flux in the hexagon
plaquette.
where T sµ, T
s
ν are the translation operators that oper-
ate on the individual spinon. The time reversal sym-
metry demands that T sµ and T
s
ν either commute or an-
ticommute with each other. As the spinon tunnels on
the lattice successively following the translation opera-
tion T sµT
s
ν (T
s
µ)
−1(T sν )
−1, the spinon experiences the back-
ground U(1) gauge flux. If the background U(1) gauge
flux is 0 (pi), “+” (“−”) sign is chosen in Eq. (5).
For the XXZ model, it was shown that, in the regime
with J⊥ < 0, each elementary hexagon plaquette of the
diamond lattice formed by the tetrahedral centers traps
a pi U(1) gauge flux for the spinon1. The spinons are
created in pairs by the spin flipping operators S± and
reside on the diamond lattice sites of the neighboring
tetrahedral centers. It is ready to see from the (red)
path on the diamond lattice in Fig. 2b that transporting
the spinon according to T sµT
s
ν (T
s
µ)
−1(T sν )
−1 experiences
the same gauge flux in the elementary hexagon plaque-
tte. Therefore, for the U(1)pi QSL with J⊥ < 0, we have
T sµT
s
ν = −T sνT sµ. In comparison, for the U(1)0 QSL with
J⊥ > 0, we have T sµT
s
ν = +T
s
νT
s
µ.
We now explore the sepctroscopic consequence of the
non-trivial translational symmmetry fractionalization for
the spinons in the U(1)pi QSL. To reveal the property of
the spinon continuum, we consider a generic two-spinon
scattering state46,48,52
|a〉 ≡ |qa; za〉, (6)
where qa labels the total crystal momentum and za refers
to the remaining quantum numbers such as the total en-
ergy of the state. Due to the non-orthogonality of the fcc
bravais lattice vectors, for our convenience we express the
momentum qa as
qa = qa1e1 + qa2e2 + qa3e3, (7)
where e1 = (−1, 1, 1), e2 = (1,−1, 1), e3 = (1, 1,−1),
and qa1, qa2, qa3 are the projection of qa onto the cor-
responding e vectors. From the symmetry localization
condition for the spinons, the lattice translation Tµ acts
on the state as
Tµ|a〉 = T sµ(1)T sµ(2)|a〉, (8)
where ‘1’ and ‘2’ label the two spinons, and the transla-
tion is “decomposed” into the two spinon translations. In
the following, we apply the approach that was developed
for the 2D Z2 QSL in Ref. 48, but adapt the discussion to
our 3D U(1)pi QSL. We apply the spinon translation on
the spinon 1 of the state |a〉 to generate the other three
two-spinon scattering states,
|b〉 = T s1 (1)|a〉, (9)
|c〉 = T s2 (1)|a〉, (10)
|d〉 = T s3 (1)|a〉. (11)
All the above states are energy eigenstates and have
the same energy as the two-spinon scattering state |a〉.
Nevertheless, these spinon scattering states have distinct
crystal momenta. To show that, we apply the translation
operations on the state |b〉,
T1|b〉 = T s1 (1)T s1 (2)T s1 (1)|a〉 = +T s1 (1)[T1|a〉], (12)
T2|b〉 = T s2 (1)T s2 (2)T s1 (1)|a〉 = −T s1 (1)[T2|a〉], (13)
T3|b〉 = T s3 (1)T s3 (2)T s1 (1)|a〉 = −T s1 (1)[T3|a〉], (14)
where the anticommutation relation between two spinon
translations are used in the last two equations. This im-
mediately gives
qb1 = qa1, qb2 = qa2 + pi, qb3 = qa3 + pi. (15)
Likewise, we have
qc1 = qa1 + pi, qc2 = qa2, qc3 = qa3 + pi, (16)
qd1 = qa1 + pi, qd2 = qa2 + pi, qd3 = qa3. (17)
The combination of two different spinon translations on
|a〉 such as T s1 (1)T s2 (1)|a〉 does not generate new states
with different momenta. Since the two-spinon scatter-
ing states, |a〉, |b〉, |c〉, |d〉, have the same energy and the
same spin quantum number, the above relations between
their crystal momenta suggest that, there is an enhanced
spectral periodicity for the spinon continuum. The spec-
tral periodicity can be reflected by the lower L(q), upper
excitation edge U(q), and the dispersion of the spinon
continuum. For the U(1)pi QSL, we have
L(q) = L(q + 2pi(100)) = L(q + 2pi(010))
= L(q + 2pi(001)), (18)
U(q) = U(q + 2pi(100)) = U(q + 2pi(010))
= U(q + 2pi(001)), (19)
where the momentum and the momentum offset are de-
fined in the cubic coordinate system. The spectral in-
tensity of the spinon continnum depends on other factors
such as the form factor and may not respect the enhanced
spectral periodicity here.
4Usually, the spectral periodicity of the magnetic ex-
citation spectrum is defined by the integer mutiples of
the reciprocal lattice vectors. Here, because of the pi flux
and the translational symmetry fractionalization for the
U(1)pi QSL, the Brillouin zone is folded and the spectral
periodicity is half of the combination of two indepedent
reciprocal lattice vectors. The spectral periodicity en-
hancement is a rather unique property of the U(1)pi QSL
and is absent in the U(1)0 QSL. We emphasize that the
enhanced spectral periodicity with a folded Brillouin zone
is the dynamical property rather than the static property
of the U(1)pi QSL. The U(1)pi QSL preserves all the lat-
tice symmetries, and an elastic neutron scattering would
not observe any extra magnetic Bragg peak that accom-
panys with any lattice symmetry breaking.
IV. SPINON CONTINUUM OF THE U(1)pi QSL
Here we return to the specific XXZ model and explic-
itly demonstrate the experimental consequence of the
background pi flux in the U(1)pi QSL. We focus on the
J⊥ < 0 regime that has not been extensively studied. It
was shown that the U(1)pi QSL extends to the point
9
at J⊥ = −4.13Jzz within a gauge mean-field calculation.
We, however, do not think the U(1)pi QSL can extend
beyond the Heisenberg point at J⊥ = −Jzz/2 where the
SU(2) symmetry, that permutes the spin components, is
inconsistent with the distinct physical meaning of three
spin components in the U(1)pi QSL. It is likely that the
Heisenberg point is a critical point where the U(1)pi QSL
terminates. Nevertheless, the early study does show the
quantitative stability of the U(1)pi QSL. Following the
previous treatment6,8–10, we implement the spinon-gauge
construction via
Szi = s
z
rr′ , (20)
S+i = Φ
†
rΦr′s
+
rr′ , (21)
where Φ†r (Φr) creates (annihilates) the spinon at the
diamond lattice site r, and sz and s± encode the U(1)
gauge field such that szrr′ ' Err′ and s+rr′ ' 12eiArr′ . The
XXZ model is expressed as
HXXZ ' Jzz
2
∑
r
Q2r −
J⊥
4
∑
〈〈rr′〉〉
Φ†rΦr′e
−iArr′ , (22)
where Arr′ = Arr′′ +Ar′′r′ , and r
′′ is the shared nearest
neigbhor site of r and r′. Here the operator Qr is de-
fined as Qr =
∑
r′∈n.n.(r) ηrS
z
rr′ , where the summation
is taken for the nearest neighbor sites of r. A conjugate
rotor variable is introduced such that
Φr = e
−iφr , |Φr| = 1, (23)
and [φr, Qr] = i. One further fixes the gauge by set-
ting9 A¯rr′ = rr′q0 · r that takes care of the pi flux (see
Fig. 2a), where q0 = 2pi(100), r ∈ I sublattice, and rr′
takes the value 0,1,1,0 for rr′ orienting along (111),
FIG. 3. (Color online.) The lower excitation edge of the
spinon continuum in the U(1)0 and the U(1)pi QSLs. Here,
the Γ points are the centers of the Brillouin zones and are
connected by the reciprocal lattice vectors with Γ0Γ1 =
2pi(−1, 1, 1) and Γ0Γ2 = 2pi(1,−1, 1). The enhanced spectral
periodicity in (b) can be visualized by examining the wiggles
of the spectrum. We set J⊥ = 0.12Jzz for the U(1)0 QSL in
(a) and J⊥ = −Jzz/3 for the U(1)pi QSL in (b).
(11¯1¯), (1¯11¯), (1¯1¯1) lattice direction, respectively. The
gauge fixing condition enlarges the unit cell for the
spinons, but the translation symmetry is preserved and
is realized projectively. The spinon excitation in U(1)pi
QSL is then solved by the standard coherent state path
integral method and is given as9
ωI,±(k) =
√
2Jzz
(
λ± J⊥(c2yc2z + s2xs2y + c2xs2z) 12
)
,(24)
ωII,±(k) =
√
2Jzz
(
λ± J⊥(s2ys2z + c2xc2y + s2xc2z) 12
)
,(25)
where cµ = cos(kµ/2), sµ = sin(kµ/2). The subindices, I,
II, arise from the fact that the two diamond lattices are
decoupled in Eq. (22) and the subindices, ±, arise from
the doubling of the unit cell by the gauge choice. Here,
the constraint |Φr| = 1 is implemented by the global La-
grangian multiplier, λ, that is demanded to be uniform
for the two sublattices by inversion.
The spinon continuum is detected by the 〈S+i S−j 〉 cor-
relator via the INS. From the relation
〈S+i S−j 〉 ∼ 〈Φ†riΦr′ie
iArir′i ΦrjΦ
†
r′j
e
−iArir′j 〉
' 〈Φ†riΦrj 〉〈Φr′iΦ
†
r′j
〉〈eiA¯rir′i−iA¯rir′j 〉, (26)
where ri, rj ∈ I, r′i, r′j ∈ II, and the neutron spin flip
excites two spinons with one from the I sublattice and
the other from the II sublattice, we obtain the momentum
5and energy transfers of the neutron,
q = k1 + k2 + q0, (27)
E = ωI,µ(k1) + ωII,ν(k2), (28)
where µ, ν = ± and the offset q0 arises from the partic-
ular gauge choice for the U(1)pi QSL, and the predicted
physical observable does not depend on this choice. Here
we have neglected the photon contribution that appears
as a higher order term from the gauge fluctuation with
respect to the gauge choice in the expansion of Eq. (26).
The spinons are gapped, and a minimal energy is required
to excite them, which defines the lower excitation edge.
As we show explicitly in Fig. 3, the lower excitation edge
of the U(1)pi QSL has the enhanced periodicity while the
U(1)0 QSL does not.
V. DISCUSSION
Although the gapless U(1) gauge photon is one defining
feature of the U(1) QSLs, its very-low-energy scale and
the suppressed spectral weight may prohibit the experi-
mental identification8,36. In contrast, the spinon contin-
uum occurs at the higher energy. The enhanced spectral
periodicity with a fold Brillouin zone of the spinon con-
tinuum in the U(1)pi QSL could be a sharp signature for
the experimental observation. Since the U(1)pi QSL oc-
cupies a larger parameter space than the U(1)0 QSL
9, it
is thus more likely for a candidate system to locate in the
U(1)pi QSL and develop the enhanced spectral periodicity
that we predict for the spinon continuum.
There are three types of doublets in the rare-earth
pyrochlore systems. For the non-Kramers doublet like
Pr3+ in Pr2Ir2O7 and Pr2Zr2O7
7,9,31,53 since only the
Ising component of the local moment is odd under the
time reversal, the INS would naturally select the Ising
components and hence only measure the gauge field cor-
relator. The spinon continuum cannot be observed for
the non-Kramers doublet. For the usual Kramers dou-
blet like Yb3+ in Yb2Ti2O7
8,10,11,27, all the components
contribute to the magnetic dipolar moments and are thus
visible in the INS measurements. Both the gapped spinon
continuum and the gapless gauge photon are recorded in
the INS spectrum. As for the dipole-octupole Kramers
doublet like Ce3+ in Ce2Sn2O7
12,14,41,54, it was predicted
that12,14, two distinct symmetry enriched U(1) QSLs,
namely, the dipolar U(1) QSL and the octupolar U(1)
QSL, can occur. For the dipolar U(1) QSL, both the
gapped spinon continuum and the gapless gauge photon
show up in the INS spectrum, while for the octupolar
U(1) QSL, only gapped spinon continuum can be de-
tected by the INS14. Therefore, we suggest a careful
examination of the spectral periodicity of the spinon con-
tinuum for the QSI materials with Kramers doublets.
Besides the spectral periodicity, the proximate mag-
netic order provides indirect information about the
nearby QSLs. Due to the background pi flux, we ex-
pect the proximate magnetic order of the U(1)pi QSL
generically breaks the translation symmetry, while the
proximate AFM0 state of the U(1)0 QSL does not
8. For
the non-Kramers doublets, the spinon condensation from
the U(1)pi QSL leads to the transverse spin order that
preserves the time reversal and corresponds to the mag-
netic quadrupolar order7,9. Although the elastic neu-
tron diffraction may not directly probe the quadrupo-
lar order and the enlargement of the unit cell, the spin-
wave excitation, that is created by the dipolar compo-
nent and detected by INS, reveals the intrinsic quadrupo-
lar order and the translation symmetry breaking. For
the Kramers doublets, the transverse spin order is con-
comitant with the time reversal symmetry breaking and
is readily detected by neutron diffraction and/or NMR
measurements.
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